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I. LIST OF SYMBOLS 
a = speed of sound 
C = constant J defined by Equation 11 
C ,C = specific heats at constant pressure and constant 
^ volumerespectively 
D = dissociation energy per unit mass at 0°K 
E = vibrational energy 
E^ = vibrational energy per molecule 
E (T_) = equilibrium vibrational energy per molecule 
with Boltzmann distribution at the transla-
tional temperature 
E (T ) = vibrational energy per molecule corresponding 
to a Boltzmann distribution at the vibrational 
temperature 
f = partition function 
G = constant, defined by Equation 11 . 
H = enthalpy per unit mass 
H' = reference specific enthalpy 
h = Planck's constant 
k = Boltzmann's constant 
k = transition probability per second for transi-
^ tion between vibrational levels m to n 
k,Q = transition probability per second for transi­
tion between vibration levels 1 to 0 
k^ = specific reaction rate coefficient for recom­
bination 
heat of dissociation per unit mass 
M = Mach number 
m = gram mass per mole 
2 
N = total concentration of heat bath molecules 
= free-stream coordinates, distance normal and 
along the free-stream, respectively 
X = fraction of excited oscillators in vibrational 
level n 
z = collision number (number of collisions per 
second) 
a = degree of dissociation (mass fraction of atomic 
species) 
p = shock angle 
Y = ratio of specific heats at frozen condition 
0 = streamline angle 
6^ = characteristic vibrational temperature 
la = chemical potential 
V = natural frequency of oscillation for vibrator 
§,n = shock-oriented coordinates, distance normal and 
along the shock, respectively 
p = density 
= characteristic density for dissociation 
= final vibrational relaxation time 
= vibrational relaxation time 
ijj = stream function 
UJ(T) = thermal function, defined by Equation 40 
N~ = concentration of heat bath molecules which have 
sufficient energy to de-excite a molecule from 
level m to n (m > n) in a collision 
= concentration of heat bath molecules which have 
sufficient energy to excite a molecule from 
level m to n (n > m) in a collision 
n = vibrational level 
3 
n,s = natural coordinates, distance normal and along 
the streamline, respectively 
P = transition probability per collision for 
transition between vibrational levels m and n 
P^Q = transition probability per collision for 
transition between vibrational levels 1 and 0. 
p = pressure 
Q = heat added 
q = flow velocity 
R = gas constant 
S = entropy per unit mass 
S' = reference entropy 
T = temperature 
= translational temperature 
= vibrational temperature 
t = time 
V = volume 
V = specific volume 
Subscripts 
1,2 = atomic and molecular species, respectively 
GO = free-stream condition 
e = equilibrium condition 
f = final heat bath temperature 
1 = initial heat bath temperature 
1 = integer, representing chemical species 
m,n = integers, representing vibrational levels 
4 
rift = normal and tangential to shook, respectively 
o = frozen condition 
s = immediately behind the shock 
Superscript 
' = initial oscillator temperature 
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II. INTRODUCTION 
A. General Background 
In fluid mechanics of low speed, thermodynamic consider­
ations are not needed because the heat content of the fluid 
is so large compared to the kinetic energy of the flow that 
the temperature remains nearly constant even if all of the 
kinetic energy is transformed into heat. In the modern high­
speed flow problems of aircraft, missiles, and re-entering 
space vehicles the opposite can be true. The kinetic energy 
can be large compared to the heat content of the moving gas, 
and the variations in temperature can become very large as, 
for example, in the case of shock waves in hypersonic flow. 
This large change in the thermodynamic properties behind a 
shock has led to the study of real gases. 
The study of the real gas, defined as a gas which does 
not obey the thermal equation of state (p = pRT) and is not 
calorically perfect (C^ = Cp(T)), requires a better knowledge 
of how kinetic energy from the free stream is transformed 
into internal energy. Of particular interest in the study of 
real gases are diatomic oxygen and nitrogen since together 
they make up 99$ of the Earth's atmosphere. 
A real diatomic gas has several means of storing internal 
energy, called energy modes. For temperatures above 2°K the 
translational and rotational degrees of freedom are normally 
excited. In high speed flight very few collisions are 
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required for equilibrium in the translational and rotational 
modes and thus these modes are always considered to be in 
equilibrium with the translational temperature as is 
discussed by Owczarek (l). As the temperature rises, the 
high temperature phenomena begin to occur. Above 1000°K, 
the vibrational degrees of freedom become sufficiently 
excited to be of importance. Because several hundreds of 
collisions are required for equilibrium, the vibrational mode 
is said to be in a vibrational relaxation process. However, 
the vibrations and rotations of atoms in a molecule can be 
treated as independent of each other according to Owczarek 
(l). Diatomic oxygen begins to dissociate for temperatures 
above 3000°K and diatomic nitrogen begins to dissociate for 
temperatures above 4500°K. Dissociation requires a much 
larger number of collisions and is usually also not in an 
equilibrium state. It is possible that a coupling of the 
dissociation and vibration phenomena may occur. When the 
temperature of the gas is raised appreciably higher (T > 
5500°K) than the temperature at which dissociation reactions 
begin to occur under sea level conditions, energy quanta are 
added to the electrons by collisions between atoms which then 
possess high kinetic energy. As a consequence, the electrons 
move from their ground state to outer orbits, and the atoms 
are said to become electronically excited. If the temperature 
(T > 8000°K) and hence the kinetic energy of the atoms is 
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high enough that electrons are removed from orbits in 
collisions, ionization of the gas takes place. Electronic 
excitation and ionization may be coupled with dissociation as 
considered by Lin and Teare (2). 
In the above discussion, phrases such as a large number 
of collisions, relaxation process, and not in equilibrium are 
used to refer to what is called nonequilibrium phenomena. 
A slightly more complete explanation is in order. When 
internal thermal or chemical nonequilibrium occurs in the flow 
field, the times necessary for the various degrees of freedom 
of the molecules (the vibrational degree of freedom is the 
only one of practical importance) to become adjusted to the 
new equilibrium conditions and the times necessary for the 
dissociation, electronic excitation, and ionization reactions 
to take place (which are known as relaxation times and which 
can be translated into reaction rates) become additional 
independent parameters in the determination of the thermo­
dynamic properties and variables. In the flow of chemically 
relaxing fluids, the reaction rates, which depend mainly on 
temperature and somewhat on pressure, govern the composition 
of the mixture. 
In the case of shocks produced by a body in hypersonic 
flight, the thermodynamic properties and variables, chemical 
composition, and velocity of the flow field behind the shock 
are of Importance for heat transfer and ablation evaluation. 
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wake studiesJ and surface design. 
Two different nonequilibrium problems are dealt with 
here and, therefore, treated in two separate parts. The 
first problem concerns the basic physical understanding of 
the vibrational relaxation phenomena. The second problem is 
an engineering application of nonequilibrium dissociation to 
a hypersonic flow behind an oblique shock. 
B. Vibrational Relaxation in a Constant 
Temperature Heat Bath 
It has been shown by Lin and Teare (2), Wray (3 and 4), 
Wray and Teare (5), Schwartz ^  aJ. (6), and Camac (7) 
that in many instances there is a considerable perturbation 
of the initial equilibrium Boltzmann distribution (discussed 
by Fowler and Guggenheim (8) and by Clarke and McChesney (9)) 
during the course of vibrational relaxation. Several theories 
have been postulated and examined to describe the relaxation 
of the distribution of a system of oscillators prepared in 
nonequilibrium vibrational distributions. The oscillators 
are assumed excited to these distributions either by external 
perturbations, such as irradiation with short duration, high 
intensity light or by the passage of a shock wave, or 
internally by some specific chemical reaction. After the 
external perturbation has been removed or after the cessation 
of the reaction, the system of oscillators will relax to its 
final equilibrium distribution by inelastic collisions and by 
9 
radiative transitions. 
Rubin and Shuler (10) considered the problem assuming a 
small number of harmonic oscillators immersed in a constant 
temperature inert gas. It was also assumed that the total con­
centration of excited oscillators was sufficiently small so 
that the relaxation process is first order with respect to the 
concentration of oscillators and that in the collisional trans­
fer of energy, the vibrational energy of the excited oscilla­
tors can be exchanged either with the vibrational energy or 
with the translational energy of the heat bath molecules. The 
collisional transition probabilities for transitions between 
the vibrational levels m and n of the harmonic oscillators were 
calculated according to the linear prescription of the Landau 
and Teller theory (ll) in their first paper (lO) and according 
to an exponential increase with quantum number in the second 
paper of Rubin and Shuler (12). In the third paper of Rubin 
and Shuler (13) excited oscillators were allowed to transfer 
their vibrational energy by radiation. In all cases it was 
assumed that transition could only exist between adjacent 
vibrational energy levels. Their technique allowed the rate 
equations (a system of difference-differential equations) to 
be converted to a partial differential equation and solved in 
terms of special functions. In the first paper it was noted 
that an initial Boltzmann distribution relaxed to a final 
Boltzmann distribution through a continuous sequence of 
Boltzmann distributions. In the second and third papers 
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of Rubin and, Shuler (12 and 13 ) an initial Boltzmann distri­
bution relaxed to a final Boltzmann distribution through a 
continuous sequence of non-Boltzmann distributions. In 
(lO), (12), and (13) an initial ô-function distribution was 
examined and, it was found that a final Boltzmann distribution 
(which is necessary for equilibrium) was obtained through a 
continuous sequence of non-Boltzmann distributions. 
Montroll and Shuler (l4) considered collisional vibra­
tional energy exchange with the vibrational and translational 
energy of the heat bath plus radiative energy exchange with 
the heat bath. With the approximation of hv/kT « 1, where 
h is Planck's constant, k is Boltzmann's constant, v is the 
natural frequency of the oscillator, and T is the temperature, 
an exact analytical solution was obtained. Also examined 
was the case of the initial Poisson distribution with much 
the same result as obtained by Rubin and Shuler (10.), (12), and 
(13) in the case of a ô-function distribution. 
Bazley, Montroll, Rubin, and Shuler (15) relaxed the 
requirement of transition only between adjacent vibrational 
energy levels, allowing transition up two levels or down two 
levels from the reference vibrational energy level. The 
harmonic oscillator was replaced with an anharraonic (Morse) 
oscillator. These two changes were examined for an initial 
Boltzmann distribution. It was shown that the effects were 
small (near the order of the anharmonicity) when compared to 
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the results of Montroll and Shuler (l4). 
In the light of aerodynamic application behind a shock 
wave the assumption of a constant temperature heat bath does 
not hold true. The temperature decreases considerably as the 
gas relaxes. In the present analysis this constraint will 
be dropped, but the remainder of the assumptions about the 
harmonic oscillator of Rubin and Shuler (lO) and concerning 
the Landau-Teller linear transition probabilities will be 
assumed to hold true. Namely, that the relaxation process is 
first order with respect to the concentration of oscillators, 
the vibrational energy of the excited oscillators can be 
exchanged through collision either with the vibrational 
energy or with the translational energy of the heat bath 
molecules, and the Landau-Teller transition probability 
will exist, but between adjacent vibrational levels only. 
C. Nonequilibrium Dissociation of Lighthill's Ideal Gas 
In order to understand nonequilibrium dissociating flow 
it is of interest to investigate this flow over some simple 
bodies with a pointed nose, such as a cusped body, a wedge, 
or a cone. It is of basic interest to see how in these 
cases the simple, classical, hypersonic and supersonic flows 
are modified due to departure from thermodynamic equilibrium. 
To date, Lighthill's (l6) ideal dissociating gas has been 
an integral part of such an investigation. This is for the 
reason that the mechanism of vibrational oscillation for a 
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diatomic gas, which must be considered for vibration and 
dissociation problems, is quite complicated. Lighthill's 
(16) ideal dissociating gas counts only one-half of the total 
vibrational energy excited. 
Sedney (17-19) has successfully formulated a technique 
of examining simple nonequilibrium flows over pointed bodies 
in his vibrational relaxation studies. Epstein (20) has 
treated the problem of nonequilibrium dissociating flow 
starting in the region behind a plane oblique shock using 
Lighthill's (16) ideal dissociating gas. Capiaux and 
Washington (21) also use Lighthill's (16) ideal gas, for 
treating the flow past a wedge by using the method of character­
istics . 
Although the Lighthill (16) assumption is a real simplifi­
cation for an engineering approximation, it is of considerable 
value to treat the dissociating diatomic gas by a more exact 
model and to compare it to the Lighthill (16) gas model. 
The present analysis will relax the Lighthill ideal gas 
assumption (16) to simple harmonic oscillators. 
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III. VIBRATIONAL RELAXATION IN A VARIABLE 
TEMPERATURE HEAT BATH 
A. Theoretical Model and Fundamental Equations 
This study of a system of harmonic oscillators is based 
on the following model: 
(1) The oscillators are contained in a non-constant 
temperature heat bath which is an inert gas. 
( 2 )  The total concentration of excited oscillators is 
sufficiently small so that the relaxation process 
is first order with respect to the concentration of 
oscillators. The energy exchange which controls the 
relaxation thus takes place primarily between the 
oscillators and the heat bath molecules. 
( 3 )  In the collisional transfer of energy, the vibra­
tional energy of the excited oscillators can be 
exchanged either with the translational or vibra­
tional energy of the heat bath molecules. 
(4) The collisional transitional probabilities per 
second for transitions between the adjacent vibra­
tional levels of the harmonic oscillators is assumed 
to follow the theory of Landau and Teller (ll). 
( 5 )  The translational temperature decays exponentially 
with time. However, the energy exchange between 
the oscillators and the heat bath molecules is 
negligible compared to the heat content of the heat 
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bath at the translational temperature. 
(6) The system Is at a sufficiently high pressure so 
that radiative transitions can be neglected 
compared to. collisional transitions. 
The temporal behavior of the vibrational distribution 
of a system of harmonic oscillators during its relaxation to 
the final equilibrium state is the difference between the 
collisional de-populating from and populating of a vibrational 
level n (10) 
dx (t) _ 
-if- = f + I vL 
m m 
m<n m>n 
m m 
m<n m>n 
for n = 0, 1, 2, ..., where n denotes the nth vibrational 
energy level, x^(t) is the fraction of excited oscillators in 
level n. and are the transition probabilities fier 
collision for transitions between levels n and m, and z is 
the collision number, i.e., the number of collisions per 
second suffered by a molecule when the gas density is one 
molecule per unit volume. . and are, respectively, the 
concentrations of heat bath molecules which have sufficient 
energy to excite a molecule from level n to m (m > n) and 
m to n (n > m) in a collision. N~ is the concentration of 
heat bath molecules which have sufficient energy to de-excite 
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a molecule from level m to n (m > n) and n to m (n > m) in 
a collision. 
Since all molecules of the heat bath are energetically 
capable of removing a vibrational quantum during collision, 
N~ can be replaced by N, the total concentration of heat 
bath molecules. 
The transition probabilities per collision, must 
be obtained from a quantum-mechanical calculation. These 
transition probabilities have been given for a system of 
harmonic oscillators by Landau and Teller (ll). They assumed 
that the perturbation which induces the transition is linear 
in the normal coordinate and small enough for a first-order 
perturbation calculation. Thus, collisional energy exchange 
will take place only between adjacent vibrational levels and 
V = V = ° tn-i 
^n,n+l " ^10 (2) 
where is the collisional transition probability per 
collision for transitions between vibrational levels n = 1 
and n = 0. 
Since energy exchange can occur between adjacent levels 
only, and since P^ = P^, Equation 1 may be written 
•~dt ^^^n-l,n(^n-l,h*h-l"^*h)]"^^^n,n+l(^n,n+l*h"^^n+l)] 
(3) 
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for n = 0, 1, », where = P_^ ^  = 0. 
At equilibrium dx^^/dt = 0 where x denotes the equil­
ibrium concentration of Prom the principle of detailed 
balancing at equilibrium, each of the terms in brackets in 
Equation 3 must be independently zero. The terms in paren­
thesis must be equal to zero since the transition probabil-
Itles / 0. 
~ ^n,n+l^ne ~ ^ ^{n+l)e 
Now, 
, n X  
= e " " (5) ^(n+l)e _ ^ne _ ^"Gy/^T 
^ne ^(n-l)e 
for a harmonic oscillator with a fundamental frequency v. 
8y = is called the characteristic vibrational temperature 
h is Planck's constant and k is Boltzmann's constant. 
Substituting Equations 5 into Equations 4 
<-l,n = <,n+l = • (6) 
Substituting Equations 6 into Equation 3 
(7) 
This equation may be written with k^^ = zHP^^^ as 
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Using the Landau and Teller (11) prescription of 
Equation 2., Equation 8 may finally be written as 
dx -8 /Tm - 8 /T 
^ = kio[ne xj^_^-nx^-(n+l)e O' 
for n = 1, 2, .œ, and 
dx - 8 /Tm 
ar ' (10) 
where = zNP^g is the transition probability per second. 
CO 
Also, S X = 1. 
n=0 
The model with the six postulates given is thus described 
by the set of difference-differential Equations 9 and 10. 
The expression for k^^ is given by Landau and Teller (11) 
3,S 1 /Q 
r 1/6 -(C/Tf) / 
» N[G e ^ ] (11) 
where Camac (?) experimentally evaluated the constants C 
and G for oxygen as 
C = 10.4 X 10^ °K 
and 
G = 1.2 X 10"^ cc/particles • sec • (°K)^'^^. 
The initial distribution of oscillators is considered 
as a Boltzmann distribution and defined by 
-eyT' -ne /T' 
x^(0) = (1-e )e (12) 
for n = 1, 2, ..., œ. T' is the initial temperature for the 
oscillators. 
To simulate the condition that occurs behind a shock, the 
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translatlonal temperature is specified to vary as 
(13) 
li 
where and are, respectively, the initial and final 
translational temperature for the heat bath and the final 
relaxation time. and are constants to be specified. 
It is true that in an aerodynamic study the equations of 
motion would be needed to obtain the relations between the 
x^'s (n = 1, 2, ..., «)j the thermodynamic variables, and the 
velocity, but it is not the purpose here to study an actual 
aerodynamic condition. Rather it is the purpose to study the 
effectiveness of the Boltzmann distribution assumption, for 
which, the knowledge that the temperature decreases with time 
is sufficient. 
Once the number distribution of the vibrational oscilla­
tors in each level has been determined by solving Equations 9 
and 10, the Boltzmann distribution during the relaxation 
process must be determined for purposes of comparison. 
The vibrational energy rate equation as cited by Clarke 
and McChesney (9) is 
^ = (14) 
where is the vibrational relaxation time, is the 
average vibrational energy per molecule, and E^(T^) is the 
equilibrium value of Ey at the local translatlonal temperature. 
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This equation Is valid for simple harmonic oscillators 
whatever the number distribution may be. 
For a Boltzmann distribution of Tgi 
" 0 /T„ " (15) 
e ^ -^-1 
and at Is given by 
In this case Equation l4 could be written In the form 
[ 1 1 ] („) 
at - ByTy V\ "W, ' 
e e -1 e -1 
Rubin and Shuler (10) defined in terms of k^Q by 
" ^10 - G ^ *^1 (l8) 
The initial condition for the ordinary differential 
Equation l4 is 
Sv(T') = (19) 
6 -1 
where T' must be specified. 
Once Equation l4 has been solved, may be determined 
from Equation l6. Then the Boltzmann distribution for a 
relaxing gas is evaluated from 
0 /T -n0 /T 
x^(t) = (l - e ^ ^)e ^ ^ for n = 1, 2, ..., =». (20) 
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This result is then compared with the solutions of Equations 
9 and 10 to determine if, in the case of a non-constant 
temperature heat bath, an initial Boltzmann distribution 
remains a Boltzmann distribution throughout the entire 
relaxation process. Of course, the final equilibrium 
distribution must be a Boltzmann distribution with T,p = T^. 
It is impractical to treat n as infinitely large. In 
actuality, the distribution is well described for n less than 
twenty. Thus, n was chosen equal to twenty. The constant 
was determined by equating it to evaluated at the T^ 
being studied. For the calculations T' was set equal to 
294°K (about room temperature) and Tj_ set equal to 5000°K. 
This value for T^ is far below the temperature of 8000°K 
suggested by Camac (22) as the temperature above which 
dissociation and vibration rates become comparable and 
coupling must be considered. Another reason for not choosing 
T^ too high is that the number of high energy level oscillators 
is negligible allowing n to remain well below twenty. 0 for 
diatomic oxygen is 2228°K and hv is 3.975 x 10"^^ ergs/ 
molecule. N is 2.69 x 10^^ particles/cc. Calculations were 
made for T^ equal to 0, 10^, 30^ and 50^ of T^. 
B. Discussion and Results 
The set of difference-differential Equations 9 and 10 
and the ordinary differential Equation l4 were solved on the 
Iowa State University Computation Center's IBM 7074. The 
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cessation of integration for Equations 9 and 10 occurred 
dx 
when —^ = 0 (for n = 1, 2, .20) and for Equation l4 
when E^(T^) = E^fT^). 
The results are presented and discussed in order of 
significance. 
The case of T^ = 5000°K was used as a check since it 
does not allow for decay of the translational temperature. 
This constant temperature heat bath solution equals, 
within the accuracy of the calculations, a Boltzmann distri­
bution throughout the relaxation process. This agrees with 
the conclusion of Rubin and Shuler (lO). 
The T^ = 3500°K study was carried to a close neighbor­
hood of equilibrium. 
In Figure 1 the fractional number of oscillators in 
each vibrational level are plotted versus the dimensionless 
time. Initially 99.95^ of the oscillators are concentrated 
in the ground state with the remainder of the oscillators 
distributed in the first two states. It is seen that the 
fraction of oscillators in the lower vibrational levels 
(n less than 8) vary only slightly from constant values by 
the time t/r^ reaches 1.6 which is far from the equilibrium 
value of t/Ty (t/Ty theoretically approaches infinity as 
equilibrium is reached). It is not possible to plot the 
distributions for n between 8 and 20 because of their rela­
tively small magnitude. The fraction of oscillators in each 
Figure 1. Variation of fraction of excited oscillators In level n 
during vibrational relaxation for Og molecules In Ar heat 
bath with T' = 294°K 
>< 
/.o, 
s 0.8i 
0) 
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level decreases with increasing n. Clearly, from Figure 1, 
the decrease in the fraction of oscillators in the ground 
state (zero level) is necessary to populate other vibrational 
levels. At a value of = 0.9 it is also seen that the 
fraction of oscillators in the first vibrational level begins 
to decrease in order to help populate other vibrational 
levels. 
Table 1 for t/r^ = 1.764 and = 3500°K shows a typical 
example of the fractional oscillator distribution computed for 
a variable heat bath temperature compared to the distribution 
computed assuming a Boltzmann distribution. The difference 
between the two distributions is within the computational 
accuracy of the solution and it may be concluded that a 
Boltzmann distribution does describe the variable heat bath 
temperature distribution. 
Figure 2 is a graph of the dimensionless vibrational 
energy versus the dimensionless time. On this graph are 
plotted the vibrational energy, E^(T^), corresponding to the 
vibrational temperature and the equilibrium value of at 
the local translations! temperature, E^(T^). Initially 
EyfT^) is much larger than E^(T^). With the passage of time 
it is expected that E^(T^) and E^(T^) would gradually 
approach each other and become equal when equilibrium is 
attained. However, this is not the case as is shown by the 
crossover at t/? = 1.764. This unexpected happening may be 
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a natural phenomenon. The Initial rate of vibrational energy, 
E^(T^) increase may be so great that an inertia is developed 
so as to make a continuous increase and overshoot of E^(T^). 
E^(T^) then reaches a maximum, followed by a gentle decrease 
and a gradual approach to E^(T^) from above. It is planned 
in the future to continue a study of this overshoot phenomena 
by considering values of greater than T^. Should such an 
overshoot not occur, it may tend to solidify the conception 
that this is a natural phenomenon for a heat bath of decreasing 
temperature. 
In Table 2 are listed comparative values of E^, E^(T^), 
and E^(T^), all divided by the constant E^, for various 
dimensionless times. E^ is actually E^(T^) computed by a 
different technique 
20 20 
E = S x E = hv Z nx , (21) 
^ n=0 " " n=0 ^ 
where E^ is the energy in the nth vibrational level. Since 
the difference between E^ and E^(T^) is less than 0.2^, 
additional numerical confidence is established for Figure 2. 
It may also be seen that E^ and E^(T^) differ by less than 
Sfo in the crossover region. Table 2 also contains values of 
E^(T^)/E^ and E^(T^)/E^ for much larger values of t/r^ showing 
the approach of E^(T^) to E^(T^). At t/r^ = 5-5689, the 
percent difference is O. l fo .  
The crossover requires the need for care in the 
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Table 1. Comparison of fractional oscillator distribution 
for t/Ty = 1.764 and = 3500°% 
Variable Heat - Boltzmann 
Bath Temperature Distribution Difference 
^0 
^1 
X2 
*3 
^4 
X3 
^6 
X7 
^8 
^9 
^10 
^11 
^12 
X13 
^l4 
^15 
X-, c 
X17 
^19 
^20 
4.2000 X 10' •1 4.1999 X 10" •1 1.229 X 10"5 
2.4360 X 10" •1 2.4360 X 10" •1 2.170 X 10-G 
1.4128 X 10" •1 1.4129 X 10" •1 6.590 X 10-G 
8.1943 X 10" •2 8.1950 X 10" •2 7.501 X 10-G 
4.7525 X 10" •2 4.7532 X 10" •2 7.419 X 10-G 
2.7562 X 10" •2 2.7569 X 10" •2 7.121 X 10-G 
1.5984 X 10" •2 1.5991 X 10" •2 6.846 X 10-G 
9.2682 X 10" •3 9.2748 X 10" •3 6.646 X 10-G 
5.3730 X 10" •3 5.3795 X 10" •3 6.509 X 10-G 
3.1138 X 10" •3 3.1202 X 10" •3 6.412 X 10-G 
1.8034 X 10" •3 1.8098 X 10" •3 6.328 X 10-G 
1.0435 X 10" •3 1.0497 X 10" •3 6.239 X 10'^ 
6.0270 X 10" •4 6.0884 X 10" •4 6.135 X 10-G 
3.4712 X 10" •4 3.5313 X 10' •4 6.011 X 10-G 
1.9896 X 10" •4 2.0482 X 10" •4 5.866 X 10-G 
1.1310 X 10" •4 1.1880 X 10" •4 5.702 X 10-G 
6.3384 X 10" •5 6.8906 X 10" •5 5.522 X 10-G 
3.4636 X 10" •5 3.9966 X 10" •5 5.331 X 10-G 
0
 
00 I—
! 
X 10" •5 2.3181 X 10" •5 5.132 X 10-G 
8.5165 X 10" •6 1.3445 X 10" •5 4.929 X 10-G 
3.0734 X 10" -6 7.7985 X 10" •6 4.725 X 10-G 
integrating technique since equilibrium does not have to exist 
when E (Tm) = E (T ) in Equation l4. A sufficient condition 
V i V V dx 
for the cessation of integration is that = 0. This 
Figure 2. Comparison of vibrational energy and equilibrium 
vibrational energy at the local translational temperature 
EvCTip) during relaxation for Op molecules in Ar heat bath 
with = 5000°K and T' = 294°K 
Tf = 3500 K 
Ej =5.478 K 10 
ergs/molecule 0> 0.8 
Ev( Tv) 
Ev(Tt) 
1.0 1.5 2.0 2.5 3.0 3.5 
Dimensionless Time , t/xy 
ro 00 
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condition comes from the principle of detailed balancing at 
equilibrium as cited by Rubin and Shuler (lO). 
Figure 3 shows a plot of dimensionless temperature versus 
dimensionless time for the translatlonal temperature and the 
vibrational temperature, where is computed using Equation 
16. It should be noted that the translatlonal temperature 
curve does not look as if it is an exponential decay. This 
is due to the fact that is the local relaxation time and 
is slightly a function of time. This distortion of the 
translatlonal temperature curve could be eliminated by setting 
equal to the local relaxation time in the equation for 
the translatlonal temperature decay. 
As expected from Equations 15 and I 6 ,  Figure 3 shows an 
overshoot in vibrational temperature corresponding to the 
overshoot in Figure 2. A somewhat similar overshoot phenomena 
was notéd by Marrone and Treanor (23) and (24) for the coupled 
effect of dissociation on vibrational relaxation. They 
attributed their inability to avoid this problem to an 
inappropriate choice of models. Part of their overshoot 
may be due to a vibrational relaxation phenomenon. The 
maximum percent difference in Figure 3 is about 4^ and the 
difference at t/r = 5.5689 is 0.7^. 
Accuracy is very hard to obtain. Thus there is a 
tendency for the higher vibrational states to be populated 
negatively^ due only to the manner of integration. In 
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Table 2. Comparison of various vibrational energies for 
Tf = 3500°K 
t/Tv V^I 
Sv-Bv(Tv) 
Bv 
0 0.0003 0.0003 1.0000 0.0000 
0.0051 0.0504 0.0504 0.9953 0.0000 
0.2513 0.2265 0.2265 0.9761 0.0000 
0.8134 0.5747 0.5747 0.9147 0.0000 
1.3110 0.7326 0.7329 0.8478 0.0004 
1.6340 0.7714 0.7722 0.7968 0.0010 
1.7640 0.7745 0.7753 0.7755 0.0010 
1.9302 0.7701 0.7709 0.7488 0.0010 
2.4163 0.7319 0.7327 0.6893 0.0011 
2.7355 0.7077 0.7085 0.6678 0.0011 
3.1748 0.6831 0.6840 0.6515 0.0013 
3.5128 0.6701 0.6707 0.6444 0.0009 
3.7953 0.6617 0.6623 0.6406 0.0009 
4.0752 0.6552 0.6557 0.6378 0.0008 
4.3776 0.6502 0.6507 0.6359 - 0.0008 
4.7341 0.6448 0.6453 0.6342 0.0008 
5.1011 • 0.6410 0.6415 0.6331 0.0008 
5.5689 0.6365 0.6370 0.6322 0.0008 
Equation 9 the fourth term on the right hand side is generally 
very small compared to the other three terms. The two negative 
terms are very close in magnitude to the remaining positive 
term. This implies that a small error in computing x or 
Xn_i would make negative. Furthermore, k^Q is very large 
Comparison of translational and vibrational temperatures 
during vibrational relaxation for Op molecules in Ar 
heat bath with T' = 294°K 
Oimensionless Temperature , T/T| 
3 
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so that —^ Is not very small. In the higher vibrational 
levels x^(t) is already small, allowing an incremental 
increase in time to force x^(t+At) to be negative. This 
error may not be immediately corrected. It was necessary, 
for correction of this error, to require the step size to be 
very small (0.2 x 10"^^ sec) and to make the accuracy parameter 
in the Node program large. These requirements, in turn, 
increased the computational time by a factor of ten making it 
out of the question to get close to equilibrium in the T^ = 
4500°% and the T^ = 2500°K cases. 
The cases of T^ = 4500°K and T^ = 2500°K were carried 
through the crossover point, but were discontinued to conserve 
computational time. They do begin to show the same cross­
over phenomena in vibrational energy and overshoot in vibra­
tional temperature. 
0. Conclusions 
The number distribution of harmonic oscillators in a 
vibrational relaxation process was examined for the first 21 
vibrational levels based on a model with a small number of 
oscillators embedded in a variable temperature heat bath, a 
collisional transfer of energy allowed between the heat bath 
and the translational and vibrational energy of the oscilla­
tors, a Landau and Teller (11) transition probability, and an 
exponential decay of translational temperature. A comparison 
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was made with the classical Boltzraann distribution of 
harmonic oscillators and the conclusions drawn are as 
follows : 
1. The number distribution of harmonic oscillators 
compares favorably with the Boltzmann distribution 
within the accuracy of the calculations. 
2. An overshoot of the E^(T^) by E^(T^) Is observed 
previous to equilibrium. It is suggested that this 
may be a natural phenomena. 
3. A corresponding overshoot of the translational 
temperature by the vibrational temperature occurs 
and this overshoot decreases as equilibrium is 
approached. 
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IV. NONEQUILIBRIUM DISSOCIATING PLOW 
BEHIND AN OBLIQUE SHOCK 
A. Theoretical Model and Fundamental Equations 
The purpose of this analysis Is to treat the nonequillbrlum 
dissociating flow "by using a calorically imperfect (C^ and 
C^ are not constant), diatomic gas. A single diatomic gas, 
such as Ng or Og, will be dealt with. Each gas species is 
considered thermally perfect, but not the mixture, during the 
dissociation process. For a thermally perfect gas the caloric 
equation of state for its internal energy or enthalpy is, in 
general, a function of temperature (25) only. However, the 
specific heat for the diatomic species in a constant volume or 
pressure process is not necessarily constant as in the 
Lighthill (16) ideal gas. For simplicity, the effects of 
diffusion, viscosity, and heat conductivity in the flow 
regime of interest are neglected. It is also assumed that 
this nonequilibrium dissociating flow is always in vibrational 
equilibrium so that the direct comparison with Lighthill's 
gas model is possible. This assumption of vibrational 
equilibrium is certainly not necessary and the analysis co%ld-
be applied to the coupling of vibration and dissociation. 
The coupling technique has been considered by Lin and 
Teare (2) for ionization, dissociation, and vibration, 
Treanor and Marrone (23) for vibration and dissociation, 
Treanor and Marrone (24) for vibration and preferential 
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dissociation from the higher vibrational levels, Treanor (26) 
for vibration and dissociation with a non-Boltzmann distri­
bution, Wood _et a^. (27) and Hall _et aJ. (28) for vibration 
and dissociation due to blunt bodies in a hypersonic stream, 
and Camac (22) for vibration and dissociation behind normal 
shocks (an experimental study). 
The present analysis uses the inverse method to prove 
that the exact solution of a nonequilibrium dissociating 
flow derived from a plane oblique shock is a cusped body. 
This approach is similar to the one introduced by Sedney (17) 
for a vibrationally relaxing gas but is different from 
Epstein's (20) treatment. The simple harmonic oscillator is 
chosen for the gas model. This result then is compared to 
the solution obtained by using the Lighthill (16) ideal 
dissociating gas. 
The geometric relations for the flow velocity in front 
of and immediately behind a plane oblique shock, as shown in 
Figure 4, are easily seen to be: 
where the subscripts, » and s, refer to the free stream 
conditions and to the conditions behind the shock, respectively. 
3 is the shock angle and 9„ is the flow deflection angle due 
% = Is (e - Sg) 
Si = 1» @ 
" ^00 COS p 
00 
^t = %S - Gg) 
(22)  
(23) 
(24) 
(25) 
37 
Figure 4, Velocity diagram before and after an oblique 
shock 
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to the shock. 
It is necessary to know the relations (equations of 
motion) between the known free stream conditions and the 
unknown conditions immediately downstream of the shock. 
These downstream conditions are necessary to analyze the flow 
field behind the shock. The equations of motion in a steady, 
two-dimensional, isoenergetic and chemically frozen flow in 
vibrational equilibrium across a plane oblique shock are for 
a calorically imperfect gas: 
Continuity equation 
P.V = ^sV (26) 
CO s 
Momentum equation in the tangential direction 
Qt = Qt (27) 
00 s 
Momentum equation in the normal direction 
P» + ".<4 = Ps + (28) 
«i s 
Energy equation 
6 R i RgT. + èqf = I Rglg + + -0^ (29) 
e -1 
State equation 
Ps = PsVs (30) 
where p, q, p, Rg, and T are the density, velocity, pressure, 
diatomic gas constant, and temperature, respectively. 
If Equations 22 through 25 are substituted into the 
tangential momentum Equation 27, there results 
39 
Sig tan (p - e^) 
(31) tan p 
03 
It is now necessary to describe the flow field down­
stream from the shock. Natural coordinates (n,s) are used, 
where s is the coordinate along the streamline and n is the 
coordinate normal to the streamline. The fundamental equations 
of motion in a steady, two-dimensional isoenergetic, and 
nonequilibrium dissociating flow for a diatomic gas are 
(25, 29, and 30): 
Continuity equation 
+ =  °  (32 )  
Momentum equation in s-direction 
PS (33) 
Momentum equation in n-direction 
i = - (34) 
Energy equation 
dH + qdq = 0 (35) 
Thermal equation of state 
p = (l + a) pRgT (36) 
Caloric equation of state 
H = aH^ + (1 - ojHg (37) 
Second law of thermodynamics 
2 
TdS = dH - - [uj^ (T)-(JU (T)+R Jin -^^Jda (38) 
P ^ ^ ^ 1-a^ 
4o 
Reaction rate equation 
5 a 
Bs q 4# = F (p. T, o) (39) 
where 
= JCp dT - T JCp |î + h| - sp (4o) 
Ht = + H. (41) 
and P(p, T, a) is a given function for the rate of chemical 
reaction. In the above equations p, q, 0^ p, H, a, T, 8, 
and C are, respectively, the density, velocity, instantaneous 
streamline angle, pressure, enthalpy, degree of dissociation, 
diatomic gas constant, temperature, entropy, and specific 
heat at constant pressure, a, the degree of dissociation, is 
the fraction of the total number of molecules in the atomic 
state and 1-a is the fraction of the total number of 
molecules in the diatomic state. The subscripts 1 and 2 
denote the atomic and molecular species. The subscript I 
may be either 1 or 2. It should be noted from Equations 36 
and 37 that a. mixture of perfect gases does not behave as a 
perfect gas. Equations 32 through 39 Involve eight unknowns, 
p, p, T, q, 0, H, S, and a. 
Hsu (29) combined Equations 32, 33, 36, and 38 together 
with the thermodynamic relations for S (25), and eliminated p 
and p from the equations of motion to obtain 
("0 - 1) If = 0. (42) 
Pr, 
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where 
"o = ^  (^3) 
is the frozen Mach number, and 
l-Q = the heat of dissociation per unit mass and 
G- and C are the frozen specific heats at constant 
^o o 
pressure and volume, respectively. _ 
The directional derivatives of Equation 38 along the 
streamline and its normal, respectively, are 
4a2-T If = 1 -[Wi(I)-W2(T)+R2T in (45) 
1-a 
T II = -[«.^(T)-»2(T)+ RgT in If (%) 
1-a 
Now Equations 32 through 46 must be applied to the flow 
behind an oblique shock to determine the body shape causing 
this attached shock. For a straight shock, all the flow 
variables behind the shock depend only on the distance along 
the normal to the shock. Therefore, a shock-oriented coordi­
nate system (§,ti) may be introduced as shown in Figure 5, and 
a solution with flow variables independent of r| is sought. 
The relations between the shock-oriented coordinates (§,ri) 
and the natural coordinates (n,s) are 
I5 = sin (p - 0) 
Ih = " 00s (p - e) 
42 
Shock 
Streamline 
Figure 5. Streamline in shock-oriented coordinates 
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since = 0. 
or] 
By writing Equations 45 and 46 in shock-oriented coordi­
nates 
-T cos (p-0) = q^ sin (p-0) + q cos (3-0) + 
g 
In^^] cos (3-0) (48) 
2 
T sin (p-0) II +[œ^(T)-(U2(T)+R2T In i^]sin(g-0) || =0 (49) 
1- ct, ' 
and combining them to obtain 
=-q tan (p - 0) , (50) 
an equation for the flow velocity that may be solved in terms 
of 0 by integration of Equation 50 for a constant shock angle 
cos (g - 0g) 
^ " ^8 cos (P - 0) * _ (51) 
Application of oblique shock Equations 25 and 27 gives q in 
terms of 0 and the free stream conditions 
% 
^ cos (p-0) * (52) 
The continuity equation in shock-oriented coordinates 
becomes 
sin (g-0) "fl +sin (3-0) - cos (3-0) = 0. (53) 
The term (dq/d§) may be eliminated using Equation 50, and, 
after some rearranging, there results 
1 dp _ 2 d0 
T# - sin2(3-0) dW • (54) 
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Integrating downstream from the shock 
tan (p - 0 ) 
f; = tan (p - 0) ' (55) 
which upon applying the oblique shock Equations 26 and 31 
gives 
t = ten"(p-e) • (56) 
It is interesting to note that the density along any stream­
line depends only on one free stream condition, 
The s-momentum Equation 33 In shock-oriented coordinates 
becomes 
Il = pq^ tan (g - e) , (57) 
and upon replacing q^ with Equation 51 
pq2 oos2(p-e^) tan (b-0) gg 
Integrating 
p = Ps + slrf (5-63) [1- (59) 
and substituting the shock Equations 23, 24, 27, and 28 
relates p to 0 and the free stream conditions 
P = p. + slcfp [1 - (60) 
The shock-oriented version of Equation 42 is 
(Mq - 1) If + q cot (p-e) =[-^^ - ï^]q If . (61) 
^o 
Equation 37 may be written as 
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aC/Cp^dT + H{] + (l-a)[Jtp dT + H^] + iq2 = 
and differentiated with respect to § 
[aCp^ + (i_a)Cp^].^^ + + q-4§ = 0. (62) 
and q may be eliminated with Equations 6l and 50, 
respectively. Further simplification arises upon substitution 
for and the use of Equations 25, 27, 36, and 51. After 
dT 
much manipulation a relation for as a function of T, a, 
and 0 is found 2 
q* tan (p-e) 
aT .. 2(H-tt)T X 
(X+a - ^ )Bl„ 2(p-e) 
[ —C—T *" • (63) 
yrp(l+a - Po 
Eliminating in Equation 6l with Equation 50 and using 
2 2 the relations for M and q , there results 
° .2 
. q. tan (3-0) 
r_2_ _ 1 1 dg 2 
Cp^T 1+a de sin 2[^-q) cos^(g-e) 
Note that C and y in Equations 63 and 64 are, in 
^o 
general, functions of T and a, and is a function of T for 
a calorically imperfect gas. Also, Equations 63 and 64 are 
two first-order, nonlinear, ordinary differential equations 
in T and a which can be solved in terms of 6. 
For a dissociating gas it is also necessary to have a 
rate equation. The rate equation to be used in the numerical 
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example is taken from Bloom and Steiger (31) 
da _ p Pj 
dt - p. ^-~2 d 
(65) 
where 
and 
m^ = mass of atom 
V = volume 
f = partition function 
D = dissociation energy per unit mass at 0°K 
= recombination rate constant 
In summary, the important equations for examining the 
flow field behind a plane oblique shock in a steady non-
equilibrium dissociating, isoenergetic, two dimensional flow 
are Equations 51, 56, 60, 63, 64, and 65. Since Equations 63 
and 64 will have to be integrated numerically from a point 
immediately behind the shock and only the free-stream 
conditions are assumed known. Equations 26, 28, 29, 30, and 
31 will have to be solved for the post-shock conditions. 
The numerical solutions of Equations 63 and 64 yield 
only the relations between the flow variables a and T and 
the flow inclination 0. In order to express the flow 
variables as a function of the space coordinates (§,r|), it 
is necessary to relate 9 to § and t] by means of the gradient 
equation for a. Equation 64, and the rate equation. Equation 
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65. First making use of Equations 51 and 47 
= 3# it = % = Qg 008 (p-8g) tan (g-e) 
and then Equations 25 and 27 
-^ = q^ tan (3-0) (66) 
00 
whichj upon integrating, yields 
0 
• ' <. 
On a streamline ri must be related to § as 
^0 
r| -
tan (p-0) de. (67) 
I  (3^) a» • (68) 
00 
s 
The remaining question is when to cease integrating or 
when is equilibrium reached? Since da/dt must gradually 
approach zero as the equilibrium state is attained, the 
upper limit 0^ in Equations 67 and 68 may be determined 
correspondingly. As da/dt approaches zero, da/d0 is still 
finite, and so and r)g theoretically become infinite. 
B. Discussion and Results 
Numerical examples were calculated using the Iowa State 
University Computation Center's Cyclone computer. The 
differential equations were solved using the Runge-Kutta 
technique and the integrals evaluated with the Newton-Cotes 
technique. 
An Ng atmosphere corresponding to an approximate 
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altitude of 250,000 feet (in air) was chosen making the 
free stream thermodynamic conditions 
= 9.6474 X 10"^ slugs/ft^ 
P„ = 0.05972 Ib/ft^ 
= 36O°R 
cc = 0 . 
CO 
The following sequence of velocities were used; 5000, 
7500, 10,000, 12,000, 15,000, 17,500, 20,000, 22,500, and 
25,000 feet per second with corresponding Mach numbers; 
5.29, 7.93, 10.58, 12,68, 15.87, 18.50, 21.15, 23.80, and 
26.43. 
The flow was considered frozen through the shock, and 
thus = 0. Other needed constants are 
'pi = 
0 = 4219.04 
^1 * sec^.OR 
Ro = 1774.53 
2 - '' seoZ.OR 
8y = 6012°R . ^ .
o 0^ is considered zero and p was taken as 80 making the flow 
subsonic behind the shock in all cases considered. 
The values used in the rate equation are (31) 
kp = 2.5 X 8.4 (T/3500°K)"^x 10^^(cm3/mole)2/sec 
m^ = l4 gm/mole 
= 130 gm/cm^ (for Lighthill's ideal gas) 
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D = 2.95 X 10^^ ergs/gm. 
The temporal step size was chosen as 0.005 seconds. 
Two models for the diatomic gas were used In the 
examples. One was Llghthlll's Ideal dissociating gas for 
which C = and the other model was the simple harmonic 
Pg ^ 
oscillator (22) for which 
^ = I + f . 
2 slnh (8y/2T) 
Of the cases calculated the = 5000, 7500 feet per 
second are of no Interest since equilibrium Is reached 
Immediately. An understanding of the results may easily be 
grasped from considering the cases for which the free-stream 
velocities are 12,000, 17,500, 22,500, and 25,000 feet per 
second. 
A typical streamline Is shown In Figure 6 for = 26.4 
or q^ = 25,000 feet per second. Only the Initial portion of 
the streamlines Is shown for clarity of results. It Is 
clearly seen that the body shape Is a curved cusp. It should 
be noted that the curvature of the body approaches zero rather 
quickly, and the gas Is, for all practical purposes. In 
equilibrium at finite and y^. The angle of this stream­
line changes from the frozen stream angle 6_ = 44° to the 
equilibrium stream angle 0^ = 63.8° 9^ corresponds to the 
wedge angle that would produce the shock If the flow remains 
Figure 6. Body shape supporting an oblique shock for 
Ng atmosphere corresponding to 250,000 ft. 
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frozen (-^ = O) in the field behind the shock, and 0^ 
corresponds to the wedge angle that would produce the shock 
if the flow attains equilibrium (-^ approaches infinity) 
immediately behind the shock. 
In Figure 7 the degree of dissociation versus dimension-
less streamline angle is shown for a simulated altitude of 
250,000 feet and free-stream Mach numbers of 12.7, 18.5, 
23.8 and 26.4. Each curve has the property that the degree 
of dissociation increases as the flow relaxes to equilibrium. 
This figure clearly demonstrates that an increase in Mach 
number (or q^) for a constant altitude causes an increase in 
dimensionless equilibrium streamline angle and equilibrium 
degree of dissociation. Furthermore, — increases with 
s 
Mach number for the corresponding streamline angle. 
A plot of temperature ratio versus dimensionless stream­
line angle for free-stream Mach numbers of 12.7, 18.5, 23.8, 
and 26.4 is shown in Figure 8. It is seen that there is a 
large temperature drop behind the shock as the flow relaxes 
to equilibrium. At a constant altitude of 250,000 feet an 
increase in Mach number dictates a decrease in equilibrium 
temperature ratio and an increase in dimensionless equilibrium 
streamline angle. 
In Figure 9 the pressure ratio for free stream Mach 
numbers of 12.7, 18.5, 23.8, and 26.4 and an altitude of 
250,000 feet is plotted against dimensionless streamline angle. 
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Figure 7. Degree of dissociation along streamline for Ng 
atmosphere corresponding to 250,000 ft. 
Figure 8. Temperature distribution along streamline for 
Ng atmosphere corresponding to 250,000 ft. 
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The pressure for each case Is seen to rise slightly as 
,relaxation to equilibrium takes place. It is interesting to 
note that the curves for the various Mach numbers all fall on 
the same line. However, the equilibrium pressure ratio and 
dimensionless equilibrium streamline angle increase with 
increasing free-stream Mach number. 
The density ratio versus the dimensionless streamline 
angle is plotted in Figure 10 for free-stream Mach numbers of 
12.T, 18,5, 23.8, and 26,4 at an altitude of 250,000 feet. 
As can be seen from the graph, the density displays a large 
increase as relaxation to equilibrium occurs. As in Figure 9 
for pressure ratio, there is a strong tendency for the 
density ratios to follow the same curve. With an increase in 
free-stream Mach number, the equilibrium density ratio 
increases along with dimensionless equilibrium streamline 
angle. 
In Figures 7 through 9 the thermodyn.amic parameters were 
non-dimensionalized with the conditions immediately behind the 
shock rather than the free-stream condition, because the 
relaxation region values compared with the post-shock 
reference values are of the most direct interest in the 
understanding of nonequilibrium phenomena behind a shock. 
This non-dimensionalization did, however, eliminate the 
actual magnitudes. In Table 3 are tabulated the actual 
magnitudes of p, T, p, q, and 9 at the shock and at 
Figure 9. Pressure distribution along streamline for 
Ng atmosphere corresponding to 250,000 ft. 
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Figure 10. Density distribution along streamline for Np 
atmosphere corresponding to 250,000 ft. 
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equilibrium for the various Mach numbers at 250,000 feet. 
It may also be seen from Table 3 that the flow velocity 
decreases as relaxation takes place. 
Table 3 also contains a comparison of the results 
obtained from the simple harmonic oscillator model and 
Lighthill's ideal dissociating gas model. The difference in 
a between the two models is significant for low dissociation. 
For equivalent free-stream conditions, the result obtained 
using the Lighthill model gives about 8.8# higher dissociation 
than the result of a = 5.7^ obtained using the simple 
harmonic oscillator model. As the degree of dissociation 
increases substantially, the difference in becomes 
negligible. 
Figure 11 compares the degree of dissociation, between 
the simple harmonic oscillator model and Lighthill's ideal gas 
model, with the streamline angle for free-stream Mach numbers 
of 12.7 and 18.5 for a nitrogen atmosphere corresponding 
to 250,000 feet. Perhaps the most obvious conclusion from 
this graph is that the initial shock angles differ. The 
general shapes of the two curves are similar. It is also 
seen that the overall change in streamline angle for the flow 
to relax to equilibrium is greater for the Lighthill gas. 
The temperature of the relaxing gas and the streamline 
angle are compared in Figure 12 for the simple harmonic 
oscillator and Lighthill's ideal gas. The curves plotted are 
Table 3. Results from the models of simple harmonic oscillator and Llghthlll's 
Ideal gas for Ng atmosphere corresponding to 250^000 ft. 
Oas q. P3 Pg «s Gg % «e 
moaei fps psf °R slugs/ft-^ fps degrees fo psf R slugs/ft^ fps degrees 
Simple 12,000 11.7 94-54 6.952x10"? 2652 41.8° 5.7 12.1 7130 9.091x10"? 2435 48.8° 
osSlla- 17'500 24.9 19188 7.327x10"? 3793 42.2° 26.6 26.7 844o 1.425x10"^ 3260 58.8° 
tor 22,500 41.3 31157 7.470x10"? 4843 43.8° 53.6 44.8 9334 1.787x10"^ 4085 62.8° 
25,000 51.0 38259 7.512x10"? 5369 44.0° 69.8 55.5 9744 1.908x10"^ 4530 63.8° 
Light- 12,000 11.5 9939 6.548x10"? 2716 40.1° 6.2 12.1 7164 9.002x10"? 2417 48.5° 
hill's ]_y,500 24.6 20797 6.655x10"? 3934 40.6° 27.1 26.8 8445 1.418x10"^ 3266 58.7° 
Ideal 22,500 40.6 34182 6.694x10"? 5046 40.7° 53.9 44.8 9304 1.766x10"^ 4090 62.6° 
25,000 50.1 42129 6.705x10"? 5603 40.8° 70.1 55.5 9734 1.906x10"^ 4525 63.8° 
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for free-stream Mach numbers of 12.7 and 18.5 at an altitude of 
250,000 feet in a nitrogen atmosphere. The difference in 
temperature is most significant in the region immediately 
behind the shock and in this region the temperature difference 
increases with increasing M^. As the flow approaches equili­
brium the difference in temperature decreases rapidly. 
Figures 13 and l4 are graphs of the pressure and density 
versus streamline angle comparing the simple harmonic 
oscillator model and Lighthill's ideal gas model for a 
nitrogen atmosphere corresponding to 250,000 feet with free-
stream Mach numbers of 12.7 and I8.5. Clearly, the pressure 
and density along streamlines are independent of the gas 
model chosen except that these curves start from different 
frozen stream angles. This is to be expected, as shown in 
Equations 56 and 60, since pressure is only a function of 9 
for a given set of free stream conditions and density is only 
a function of 8 for a given p^. 
The difference in the immediate post-shock conditions 
between the more exact simple harmonic oscillator and the 
Lighthill's ideal gas is due to the differences in C /R^ 
P2 
which affects the energy Equation 29 across the shock and 
it in turn influences all the frozen shock conditions. 
Additional differences in 0^, T, and a in the flow field 
behind the «hock are gained due to the use of C in y, 
P2 
0 , and where C and y are defined in Equation 44 and 
^o o 
Figure 12. Comparison of temperature distribution between 
the simple harmonic oscillator and Lighthill's 
ideal gas 
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= h^-hg. y, C , and are only used directly In 
Equations 63 and 64 but have an affect on the rate Equation 65 
and, thus, an Influence on the Integrand and upper limit 6^ 
of Equations 67 and 68. This leads to the Idea that § and r| 
must change causing a slightly different nonequillhrlum 
streamline or body shape. The change in 6^ will cause the 
small differences in p^ and (due to Equations 56 and 60) 
noted in Table 3. 
The term , 
r 1 - -X—Fp] of Equation 42 has a very significant 
Po 
meaning in the determination of the values of streamline 
curvature and velocity gradient behind a shock (29) 
r 1 1 Sa 1 ôp 1 âp 
"-1+5 • - 7 â# ' 
^o 
This term would correspond to the general exact expression 
r(i£) ' ^^"^2 (iE) 1 
L\aa/p,s T 2 
pa^ 
appearing In the equations of characteristics obtained by 
Capiaux and Washington.(21) provided that each gas is thermally 
perfect. This can be shown by comparing Equation 22 in 
Reference (25) directly to Equation 26 in Reference (32). In 
this case the equations of characteristics (32) for nonequill-
brium dissociating flow become 
« * ^ If <!• = 0-
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For Llghthill's ideal dissociating gas, = R^T+D and 
C = (44.a)R2, 
® f 
1 _ i_ r_3_ __D_\ • 
1+a ~ C T "5+0" ^1+a " 
Po 2 
which check with the results used by Capiaux and Washington 
(32) 
One example has been calculated to compare with Epstein's 
result using 
^5 = 2, = 10^, = 360°R, 
Q "co 
^co 
and the rate Equation 65. For this case, a = 17^ as compared 
to Epstein's case (20)# a = 19^. 
It should also be noted that the present analysis may be 
used to obtain the nonequilibrium dissociating flow over a 
wedge for a calorically imperfect gas. 
C, Conclusions 
From the equations derived for a steady, two-dimensional, 
isoenergetic, calorically imperfect, and nonequilibrium 
dissociating supersonic or hypersonic flow with respect to a 
plane oblique shock, and from the numerical examples calcu­
lated for Ng at 250,000 feet with free-stream Mach number 
ranging from 12.7 to 26.4, p = 8o°, and a non-dissociated 
free stream, the following conclusions may be drawn: 
1. The body supporting a plane oblique shock is a cusp 
and not a wedge as in the case of equilibrium or 
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frozen flow. It is characteristic of dissociating 
relaxing flow behind a plane oblique shock that the 
nonequllibrlum streamline is a curved line between 
the frozen streamline and the equilibrium streamline; 
starting immediately behind the shock on the frozen 
streamline and reaching equilibrium parallel to the 
equilibrium streamline. 
2. The temperature exhibits a large decrease and the 
density a large Increase as the gas behind the shock 
for a given free-stream Mach number approaches 
equilibrium, whereas the pressure increases rather 
Insignificantly. The equilibrium degree of dissoci­
ation may be very large depending on the free-stream 
condition. 
3. A comparison of the more exact simple harmonic oscil­
lator model with Llghthlll's ideal gas model reveals 
thermodynamic variable differences on the order of a 
few percent. The difference in temperature is most 
significant in the region immediately behind the 
shock and then decreases rapidly as the flow 
approaches equilibrium. The differences in the 
flow conditions behind the shock are due to the flow 
equations across the shock. The effect of the 
Llghthill ideal gas, when compared to the more exact 
simple harmonic oscillator, in the flow calculations 
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of the relaxing fluid Is to decrease the differ­
ences in temperature and degree of dissociation 
between the Lighthill gas and the simple harmonic 
oscillator, increase the equilibrium streamline angle 
to the point that equilibrium value is nearly-
equivalent to the equilibrium streamline angle for 
the simple harmonic oscillator even though the frozen 
streamline angle was less, and to slightly change the 
shape of the equilibrium streamline (body causing 
the plane oblique shock). The lighthill ideal gas 
has little effect on pressure, density, and velocity 
in the flow field except for the changes across the 
shock. The equilibrium values of pressure, density, 
and velocity are slightly altered over the simple 
harmonic oscillator values because of the slight 
change in equilibrium streamline angle, the only 
variable they depend on. In summary, it is clear that 
the vibrational energy, which is the only difference 
between the two models, accounts for a higher pro­
portion of the total gas energy for low dissociation 
than for high dissociation. 
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V. SUGGESTIONS FOR FURTHER STUDIES 
A. Vibrational Relaxation Problem 
1. In Chapter III for the decreasing temperature heat 
bath relaxation of a system of harmonic oscillators using the 
Landau-Teller transition probability it was determined that 
there is an overshoot in temperature and Internal energy. 
Further investigation is needed for this same model but with 
an increasing temperature heat bath. 
2. Recently an interest has developed in the anharmonic 
oscillator. It is true that a real vibrationally relaxing 
gas is better described by an anharmonic oscillator than a 
harmonic oscillator. This idea, which requires the deter­
mination of new transition probabilities, should be thoroughly 
investigated. Transition probabilities that provide the 
correct physical descriptions need to be defined not only for 
the anharmonic oscillator, but also for the harmonic oscillator. 
3. The model used in Chapter III required that the total 
concentration of excited oscillators be sufficiently small so 
that the relaxation process is first order with respect to the 
concentration of oscillators. The energy exchange which 
controls the relaxation thus takes place primarily between the 
oscillators and the heat bath. A further analysis might, in 
addition, allow for energy exchange between the oscillators. 
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B. Nonequlllbrium Dissociation Problem 
1. The Ideas of Chapter IV could be extended to allow 
for vibration-dissociation coupling, but first a better model 
for the coupling might be devised. Perhaps this new model 
should include the anharmonic oscillator. 
2. The flow equations for nonequilibrium dissociating 
flow were examined by Hsu (29) allowing for a body of revolu­
tion. It would be of interest to extend Chapter IV using these 
flow equations to obtain an exact solution for an axisymmetrical 
flow, determining if a similar set of relatively simple equa­
tions exist. 
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